
01MCS Matematika částicových systémů
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5.2 Laplace̊uv obraz balancované hustoty . . . . . . . . . . . . . . . . . . . . . . . 18
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1 Úvod

Předpokládáme vždy měřitelné funkce.

Definice 1.1. Značeńı:

1. CpGq - funkce spojité na množině G

2. PC pGq - funkce po částech spojité: nespojitosti konečné délky, tzn.
µpbody nespojitostiq “ 0, konečně mnoho bod̊u nespojitosti, spojistost zleva

3. fpxq P L pA,µq ô D
ş

A

fpxqdµpxq P R

4. fpxq P L ˚pA,µq ô D
ş

A

fpxqdµpxq

Poznámka 1.2.
fpxq PPC pra, bsq ^ fpxq „ 0 ñ fpxq “ 0

Definice 1.3. O funkci fpxq : R Ñ R prohláśıme, že je hustotou a označ́ıme fpxq P H ,
pokud plat́ı, že

1. Dompfq “ R

2. Ranpfq Ă R`0

3. fpxq PPC pRq

4. fpxq P L pRq

Definice 1.4. Necht’ fpxq PH a n P N0. Pokud xnfpxq P L pRq, pak č́ıslo µn :“
ş

R
xnfpxqdx

nazveme n-tým (necentrálńım) momentem hustoty fpxq.

Definice 1.5. Necht’ fpxq P H a xfpxq P L pRq. Necht’ µ1 je prvńı moment fpxq. Pokud
pro n P N plat́ı, že px´ µ1q

nfpxq P L pRq, pak č́ıslo νn :“
ş

R
px´ µ1q

nfpxqdx nazveme n-tým

centrálńım momentem.

Věta 1.6. Pokud existuj́ı všechny ńı̌ze uvedené momenty, pak plat́ı:

νn :“

ż

R

px´ µ1q
nfpxqdx “

ż

R

n
ÿ

k“0

ˆ

n

k

˙

xkp´1qn´kµn´k1 fpxqdx “

“

n
ÿ

k“0

ˆ

n

k

˙

p´1qn´kµn´k1

ż

R

xkfpxqdx “
n
ÿ

k“0

p´1qn´k
ˆ

n

k

˙

µn´k1 µk
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1 Úvod

Věta 1.7. Pokud fpxq je normovaná hustota pµ0 “ 1q, pak plat́ı

ν2 “

2
ÿ

k“0

p´1q2´k
ˆ

2

k

˙

µ2´k
1 µk “ µ2

1 ´ 2µ2
1 ` µ2 “ µ2 ´ µ

2
1

Poznámka 1.8.
ñ Dpχq “ Epχ2q ´ E2pχq

Definice 1.9. Hustotou pravděpodobnosti (na přednáškách zkráceno na ”hupsti”)
nazveme funkci gpxq, pro kterou plat́ı:

1. Dompgq “ R

2. Ranpgq Ă R`0

3. gpxq PPC pRq

4.
ş

R
gpxqdx “ 1

5. (MCS) x ă 0 ñ gpxq “ 0 ô Θpxqgpxq “ gpxq ô supppgq Ă R`

Poznámka 1.10. Spojitou náhodnou a nezápornou veličinu χ nazveme rozestupem.

Obrázek 1.1: Hustota pravděpodobnosti (Erlangovo rozděleńı pro A “ 1
6 , n “ 4, λ “ 1)

Definice 1.11. µ0 nazveme momentovou normou (nultý moment).

Věta 1.12. Pro hustotu g plat́ı, že

1. µ0 “
ş

R
gpxqdx ě 0

2. µ0 “ 1 ñ gpxq nazveme hustotou pravděpodobnosti, označ́ıme gpxq P H1 pH1 Ă H q a
prohláśıme o ni, že je normovaná.

3. µ0 “ µ1 “ 1 ñ gpxq je škálovaná hustota pravděpodobnosti a gpxq PH11
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2 Rozděleńı

1. Rovnoměrné rozděleńı p´8 ă a ă b ă `8q, gpxq PH

gpxq “

#

0 x P p´8, as Y pb,`8q

α x P pa, bs

2. Normálńı (Gaussovo) rozděleńı, gpxq PH

gpxq “ Ae´
px´µq2

2σ2 , pµ P R, σ ą 0, A ą 0q

3. Exponenciálńı rozděleńı, gpxq PH

gpxq “ ΘpxqAe´λx, pA ě 0, λ ą 0q

4. Erlangovo rozděleńı (speciálńı př́ıpad Gamma rozděleńı), gpxq PH

gpxq “ ΘpxqAxn´1e´λx, pA ě 0, n P N, λ ą 0q

5. Gamma rozděleńı

gpxq “ ΘpxqAxα´1e´λx, pA ě 0, α ą 0, λ ą 0q

6. Centrované exponenciálńı rozděleńı

gpxq “ Θpx´ cqAe´λx, pc P R, A ą 0, λ ą 0q

7. GIG rozděleńı (zobecněné inverzńı Gaussovo rozděleńı)

gpxq “ ΘpxqAxαe´
β
x e´λx, pA ą 0, α P R, β ą 0, λ ą 0q

Věta 2.1. gpxq PH ñ lim
xÑ`8

gpxq “ 0

Definice 2.2. Necht’ jsou dány dvě gpxq, fpxq P H . Existuj́ı-li č́ısla a ‰ 0, b P R tak, že
gpxq “ |a|fpax` bq, pak řekneme, že hustoty fpxq, gpxq jsou afinně sdružené.

Věta 2.3. Afinně sdružené hustoty pravděpodobnosti fpxq, gpxq maj́ı totožné nulté momenty
(momentové normy).

D̊ukaz.

µ0pgq :“

ż

R

x0gpxqdx “

ż

R

|a|fpax` bqdx “
y “ ax` b
dy “ adx

“ |a|

ż

R

fpyq
dy

|a|
loooooomoooooon

pokud a ă 0, pak se prohod́ı meze

“

ż

R

fpyqdy “ µ0pfq
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2 Rozděleńı

Poznámka 2.4.

µ1pgq “

ż

R

xgpxqdx “

ż

R

x|a|fpax` bqdx “
y “ ax` b
dy “ adx

“

ż

R

y ´ b

|a|
|a|

1

a
fpyqdy “

“
1

a

ż

R

yfpyqdy ´
b

a

ż

R

fpyqdy “
µ1pfq

a
´
b

a
µ0pfq,

kde a ‰ 0.
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3 Konvoluce nad ťŕıdou H

Označme Z13 jako náhodnou veličinu (vzdálenost 1. a 3. částice),

Z13 „ fpzq ñ fpzq “ i.d. pg ˚ gqpzq,

kde pg ˚ hqpxq :“
ş

R
gpsqhpx´ sqds je konvolućı.

Věta 3.1. Mějme fpxq, gpxq P H . Pak integrál
ş

R
fpsqgpx ´ sqds existuje pro skoro všechna

x P R a funkce hpxq :“
ş

R
fpsqgpx´ sqds po dodefinováńı nulou v bodech, kde uvedený integrál

neexistuje, patř́ı do H .

D̊ukaz. Hpx, sq “ gpsqfpx ´ sq ě 0 ñ Hpx, sq P L ˚pR2q ñ jsou splněny předpoklady
Fubiniho věty

ż

R2

Hpx, sqdpx, sq “

ż

R

¨

˝

ż

R

Hpx, sqds

˛

‚dx^

ż

R

Hpx, sqds existuje pro s.v. x P R

1. Domphq “ R

2. p@x P Rqphpxq ě 0q ñ Ranphq Ă R`0

3. hpxq P L pRq

ż

R

hpxqdx “

ż

R

ż

R

fpsqgpx´ sqdsdx
F.V.
“

ż

R

fpsq

¨

˝

ż

R

gpx´ sqdx

˛

‚ds “
y “ x´ s
dy “ dx

“

“

ż

R

fpsq

¨

˝

ż

R

gpyqdy

˛

‚

loooooomoooooon

gpxqPH ñµ0pgqPR

ds “ µ0pgqµ0pfq P R

4. hpxq PPC pRq

Definice 3.2. Mějme fpxq, gpxq P H . Pak funkci hpxq z předešlé věty nazveme konvolućı
funkćı fpxq, gpxq a znač́ıme ji

hpxq “ pf ˚ gqpxq

Věta 3.3 (O vlastnostech konvoluce). Konvoluce je komutativńı, bilineárńı a asociativńı
operace nad H .
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3 Konvoluce nad tř́ıdou H

D̊ukaz. fpxq, gpxq, hpxq PH , α P R

1.

pf ˚ gqpxq “

ż

R

fpsqgpx´ sqds “
y “ x´ s
dy “ ´ds

otočeńı meźı
“

ż

R

fpx´ yqgpyqdy “ pg ˚ fqpxq

2.

ppαf ` hq ˚ gqpxq “

ż

R

pαfpsq ` hpsqqgpx´ sqds “ α

ż

R

fpsqgpx´ sqds`

ż

R

hpsqgpx´ sqds “

“ αpf ˚ gqpxq ` ph ˚ gqpxq

(linearita v pravém argumentu analogicky)

3.

pf ˚ gq ˚ h “

ż

R

pf ˚ gqpsqhpx´ sqds
F.V.
“

ż

R

ż

R

fpαqgps´ αqhpx´ sqdpα, sq

f ˚ pg ˚ hq “

ż

R

fpx´ zqpg ˚ hqpzqdz “

ż

R

ż

R

fpx´ zqgpβqhpz ´ βqdpβ, zq “

“
x´ z “ α
s´ α “ β

“

ż

R

fpαqgps´ αqhpx´ sqdpα, sq

Věta 3.4 (O zjednodušeńı definičńıho předpisu pro konvoluci pro funkce s pozitivńım nosičem).
Necht’ fpxq, gpxq PH , kde supppfq Ă R`0 a supppgq Ă R`0 . Pak plat́ı

pf ˚ gqpxq “ Θpxq

x
ż

0

fpsqgpx´ sqds,

tzn. supppf ˚ gq Ă R`0

D̊ukaz.

pf ˚ gqpxq “

ż

R

fpsqgpx´ sqds “

ż

R

ΘpsqfpsqΘpx´ sqgpx´ sqds “

$

&

%

x
ş

0

fpsqgpx´ sqds, x ą 0

0, x ď 0

což se dá zapsat jako

pf ˚ gqpxq “ Θpxq

x
ż

0

fpsqgpx´ sqds
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3 Konvoluce nad tř́ıdou H

Věta 3.5. Vztahy mezi momenty

µ0pf ˚ gq “ µ0pfqµ0pgq ñ rfpxq, gpxq PH1 ñ pf ˚ gqpxq PH1s

µ1pf ˚ gq “

ż

R

xpf ˚ gqpxqdx “

ż

R

x

ż

R

fpsqgpx´ sqdsdx
F.V.
“

ż

R

fpsq

¨

˝

ż

R

xgpx´ sqdx

˛

‚ds “

“
x´ s “ y
dx “ dy

“

ż

R

fpsq

¨

˝

ż

R

py ` sqgpyqdy

˛

‚dx “

ż

R

fpsq

¨

˝

ż

R

ygpyqdy

˛

‚

looooooomooooooon

µ1pgq muśı existovat

dx `

`

ż

R

sfpsq

¨

˝

ż

R

gpyqdy

˛

‚

loooooomoooooon

µ0pgq

dx “ µ1pgqµ0pfq ` µ0pgqµ1pfq

Poznámka 3.6.
fpxq, gpxq P H1 ñ µ1pf ˚ gq “ µ1pfq ` µ1pgq

Věta 3.7 (O posunut́ı v konvoluci). Mějme fpxq, gpxq PH a α P R. Pak plat́ı:

fpx´ αq ˚ gpxq “ fpxq ˚ gpx´ αq “ pf ˚ gqpx´ αq

D̊ukaz.

fpx´αq ˚ gpxq “

ż

R

fps´αqgpx´ sqds “
y “ s´ α
dy “ ds

“

ż

R

fpyqgpx´y´αqdy “ pf ˚ gqpx´αq

Věta 3.8 (O derivaci konvoluce). Mějme fpxq, gpxq P H , kde f 1pxq, g1pxq P L1pRq jsou
omezené na R. Pak plat́ı

f 1pxq ˚ gpxq “ fpxq ˚ g1pxq “ pf ˚ gq1pxq

D̊ukaz.

pf ˚ gq1pxq “
d

dx

ż

R

fpsqgpx´ sqds
záměna
“

ż

R

fpsqg1px´ sqds “ pf ˚ g1qpxq

Záměna je možná, protože |fpsqg1px´ sq| ď Kfpsq P L pRq. Dále potom

pf ˚ gq1pxq “ pg ˚ fq1pxq “ pg ˚ f 1qpxq “ pf 1 ˚ gqpxq.
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4 Tř́ıda balancovaných hustot

Definice 4.1. Řekneme, že g P B, pokud g splňuje axiomy pro př́ıslušnost do B:

1. Dompgq “ R

2. Ranpgq Ă R`0

3. gpxq PPC pRq

4. gpxq P L pRq

5. supppgq Ă R`0 ô gpxq “ Θpxqgpxq

6. (balančńı axiom) Existuje ω P R` tak, že plat́ı vztahy

α ą ω ñ lim
xÑ`8

gpxqeαx “ `8

α ă ω ñ lim
xÑ`8

gpxqeαx “ 0.

Definujeme dále balančńı index vztahem inbpgq :“ ω.

Oproti definici hustoty se tedy lǐśı v bodech 5. a 6.

Věta 4.2 (nutná podmı́nka pro př́ıslušnost do B).

lim
xÑ`8

fpxq “ 0

Poznámka 4.3. Ve tř́ıdě B existuje ještě podtř́ıda, př́ıslušné funkce maj́ı tzv. plató v x “ 0.

Obrázek 4.1: GIG rozděleńı - př́ıklad rozděleńı s plató

Definice 4.4. Poissonovským částicovým systémem nazveme systém, kde

• jsou částice bez vzájemné interakce (bezdosahový částicový systém)

• gpxq “ ΘpxqAe´λx pro A ą 0, λ ą 0 a po normalizaci přecháźı na exponenciálńı
rozděleńı, tedy gpxq “ Θpxqλe´λx, kde λ ą 0.
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4 Tř́ıda balancovaných hustot

Obrázek 4.2: Poissonovský částicový systém

Poznámka 4.5. Poissonovský částicový systém je např́ıklad skoro prázdná dálnice.

Poznámka 4.6. Deterministická varianta částicového systému je naopak rozděleńı, které má
nulový rozptyl, vypadá tedy jako Diracova funkce (např. když se jede krokem).

Poznámka 4.7. Pro gpxq “ Θpxqλe´λx plat́ı, že gpxq P B. Nav́ıc v tomto př́ıpadě κ “ λ.

D̊ukaz.

α ą λñ lim
xÑ`8

λe´λxeαx “ λ lim
xÑ`8

epα´λqx “ `8

α ă λñ lim
xÑ`8

λe´λxeαx “ λ lim
xÑ`8

epα´λqx “ 0

Definice 4.8. Pokud µ0pgq “ 1, pak řekneme, že g(x) je balancovaná hustota pravděpodobnosti
a označ́ıme gpxq P B1. Pokud µ0pgq “ µ1pgq “ 1, pak řekneme, že gpxq je škálovaná hustota
pravděpodobnosti a označ́ıme gpxq P B11.

Př́ıklad 4.9. Vypočtěme nyńı, pro které parametry λ,A je gpxq :“ ΘpxqAe´λx P B11.

µ0pgq “

`8
ż

0

Ae´λxdx “
1

λ
Añ A “ λ

µ1pGq “

`8
ż

0

xAe´λxdx “

`8
ż

0

xe´λxλdx “
1

λ

`8
ż

0

ye´ydy “
1

λ
Γp2q “

1

λ
ñ λ “ 1

Věta 4.10 (Balančńı kritérium). Necht’ gpxq P B. Pak plat́ı, že

inbpgq “ ´ lim
xÑ`8

lnpgpxqq

x
,

přičemž limita vpravo existuje vždy.

D̊ukaz. Označme ω :“ inbpgq.

Vezměme libovolné β ą ω. Pak lim
xÑ`8

gpxqeβx “ `8 ñ lim
xÑ`8

e´βx

gpxq “ 0 ñ

ñ p@ε ą 0qpDx0 ą 0qp@x P rx0,`8qq

ˆˇ

ˇ

ˇ

ˇ

e´βx

gpxq

ˇ

ˇ

ˇ

ˇ

ă ε

˙

ñ e´βx ă εgpxq
εă1
ă gpxq.
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4 Tř́ıda balancovaných hustot

Nyńı vezměme libovolné α ă ω:

lim
xÑ`8

gpxqeαx “ 0 ñ p@ε ą 0qpDx10 ą 0qp@x P rx10,`8qq pgpxqe
αx ă εq ,

Tedy gpxq ă εe´αx ă e´αx. Potom pro p@β ą ω,@α ă ωq plat́ı, že

e´βx ă gpxq ă e´αx ñ ´βx ă ln gpxq ă ´αx ñ ´β ă
ln gpxq

x
ă ´α

α, β lze k sobě přibĺıžit libovolně bĺızko ñ lim
xÑ`8

lnpgpxqq
x “ ´ω

Př́ıklad 4.11. Mějme gpxq :“ ΘpxqAe´λx.

inbpgq “ ´ lim
xÑ`8

lnpΘpxqλe´λxq

x
“ ´ lim

xÑ`8

lnλ

x
´ lim
xÑ`8

´λx

x
“ λ

Př́ıklad 4.12. Př́ıklady funkćı z B:

1. Θpxqλe´λx

2. AΘpx´ cqe´λx (λ ą 0, c ą 0, A ą 0)

3. Erlangova hustota

4. Gamma hustota

5. GIG hustota

Do B nepatř́ı např. Gamma hustota, ani Θpxqxne´λx
2

Věta 4.13 (O rozsáhlosti soustavy B). Necht’ fpxq, gpxq P B a A ą 0, α ą 0, β P R, c ą 0.
Pak plat́ı

1) fpxq ` αgpxq P B

2) xαfpxq P B

3) eβxfpxq P B, pokud β ă inbpfq

4) Afpcxq P B

Nav́ıc plat́ı:

i) inbpαfpxqq “ inbpfq

ii) inbpf ` gq “ mintinbpfq, inbpgqu

iii) inbpxαfpxqq “ inbpfq

iv) inbpeβxfpxqq “ inbpfq ´ β

v) inbpAfpcxqq “ c inbpfq

D̊ukaz.
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4 Tř́ıda balancovaných hustot

2) Mějme fpxq P B, α ě 0 a definujme hpxq :“ xαfpxq. Nyńı otestujeme, že plat́ı vztah
xαfpxq P L pRq. Zvolme tedy libovolně ε ą 0 a β ă inbpfq. Potom plat́ı, že

lim
xÑ`8

fpxqeβx “ 0 ñ pDx0 P R`qp@x P rx0,`8qq
´

fpxq ď εe´βx
¯

a) Interval p´8, x0q:

fpxq P L pRq ñ xαfpxq ď Kfpxq P L pp´8, x0qq

b) Interval rx0,`8q:

xαfpxq ď xαεe´βx P L prx0,`8qq
srov.krit.
ùñ xαfpxq P L prx0,`8qq

Celkově tedy xαfpxq P L pRq.

3) Ukažme platnost vztahu eγxfpxq P B za předpokladu, že γ ă inbpfq.

inbpeγxfpxqq “ ´ lim
xÑ`8

lnpeγxfpxqq

x
“ ´ lim

xÑ`8

γx

x
´ lim
xÑ`8

lnpfpxqq

x
“ ´γ ` inbpfq

!
ą 0

iii)

inbpxαfpxqq “ ´ lim
xÑ`8

lnpxαfpxqq

x
“ ´ lim

xÑ`8

α lnpxq

x
´ lim
xÑ`8

lnpfpxqq

x
“ inbpfq

Lemma 4.14. Mějme fpxq P L pRq. Pak p@A P D̃ ĂMλqpfpxq má Lebesgue̊uv integrál na A
a je konečný.q

Důsledek 4.15. Každá balancovaná hustota má úplně všechny momenty, tj. plat́ı, že

xkfpxq P L pRq ñ µk “

ż

R
xkfpxqdx P R, @k P N.

Definice 4.16. Bud’ fpxq P B, pak vektor ~µ “ pµ0, µ1, ...q vytvořený z moment̊u µk P R
nazveme momentovým kódem hustoty fpxq.

Definice 4.17. Necht’ fpxq P B a ω :“ inbpfq. Pak funkci fpxqeωx nazveme balančńım
jádrem hustoty fpxq.

Př́ıklad 4.18. Př́ıklady balančńıch jader:

Funkce z B Balančńı jádro

Θpxqe´x Θpxq

Θpxqxαe´x Θpxqxα pα ě 0q

Θpxq xn

1`xn e´x Θpxq xn

1`xn pn P Nq
GIG jádro Θpxqxαe´

β
x pα ě 0, β ą 0q

Věta 4.19. Necht’ gpxq je balančńı jádro a ω ą 0 je pevně zvolené libovolné č́ıslo. Pak pro
hpxq :“ gpxqe´ωx P B plat́ı, že inbphq “ ω.
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4 Tř́ıda balancovaných hustot

D̊ukaz.

I. α ą ω

lim
xÑ`8

hpxqeαx “ lim
xÑ`8

gpxqe´ωxeαx
˚
“ lim

xÑ`8
fpxqe´ωxeαxeκx

εą0
“

“ lim
xÑ`8

fpxqepκ`εqx

loooooooooomoooooooooon

“`8

lim
xÑ`8

ep´ω`α´εqx

looooooooomooooooooon

“`8

“ `8

* - v́ıme, že existuje fpxq P B tak, že gpxq “ fpxqeκx, kde inbpfq “ κ ą 0

II. α ă ω

lim
xÑ`8

hpxqeαx
...
“ lim

xÑ`8
fpxqe´ωxeαxeκx “ lim

xÑ`8
fpxqepκ´εqx

loooooooooomoooooooooon

“0

¨ lim
xÑ`8

ep´ω`α`εqx

looooooooomooooooooon

“0

“ 0

12



5 Laplaceova transformace

Definice 5.1. Laplaceovou transformaćı rozumı́me transformaci ve tvaru

F psq “ Lrfpxqs :“

ż

R
fpxqe´sxdx,

kde e´sx nazýváme jádro integrálńı transformace.

Věta 5.2 (Pomocná věta pro Laplaceovu transformaci). Mějme gpxq P B, kde inbpgq “ κ.
Potom plat́ı, že

p@µ ă κqpgpxqeµx P L pRqq

D̊ukaz. Zvolme libovolně γ ă κ “ inbpgq. Potom

lim
xÑ`8

gpxqeγx “ 0 ñ p@ε ą 0qpDx0 P R`qp@x P rx0,`8qqp|gpxqe
γx| ă εq

I. integrabilita na p´8, x0q : gpxqeγx ď Kgpxq P L pp´8, x0qq ñ ze srovnávaćıho kritéria
gpxqeγx P L pp´8, x0qq

II. integrabilita na rx0,`8q : gpxqeµx ď εe´γxeµx “ εe´pγ´µqx P L prx0,`8qq ñ ze
srovnávaćıho kritéria gpxqeγx P L prx0,`8qq

Z toho plyne, že gpxqe´γx P L pRq.

Důsledek 5.3.

DompLrgpxqs
loomoon

F psq

q “ p´ inbpgq
looomooon

ă0

,`8q ñ Uδp0q Ă DompF psqq

Definice 5.4. Necht’ gpxq P B. Pak funkce

hpxq :“ Θpxq

`8
ż

x

gpxqdx, fpxq :“ Θpxq

x
ż

0

gpxqdx

budeme nazývat chvostovou distribučńı funkćı, resp. distribučńı funkćı.

Věta 5.5 (O chvostové distribučńı funkci). Pokud gpxq P B a inbpgq “ ω, pak pro

hpxq :“ Θpxq
`8
ş

x
gpyqdy plat́ı, že hpxq P B a inbphq “ ω.

13



5 Laplaceova transformace

D̊ukaz. Dokážeme, že inbphq “ ω. Ověř́ıme tedy platnost obou nerovnic.

1. Zvolme libovolně č́ısla α, µ tak, aby α ă µ ă ω. Z předpokladu v́ıme, že
lim

xÑ`8
gpxqeµx “ 0, tedy

p@ε ą 0qpDx0 P R`qp@x P rx0,`8qq p|gpxqe
µx| ď εq ñ gpxq ď εe´µx

lim
xÑ`8

hpxqeαx “ lim
xÑ`8

eαx
`8
ż

x

gpyqdy ď lim
xÑ`8

eαx
`8
ż

x

εe´µydy “ lim
xÑ`8

εeαx
1

µ
e´µx “

“ lim
xÑ`8

ε

µ
e´pµ´αqx “ 0, č́ımž jsme dokázali prvńı nerovnost.

2. Zvolme nyńı libovolně č́ısla α, µ tak, aby α ą µ ą ω. Z předpokladu věty a definice inb
vyplývá, že

lim
xÑ`8

gpxqeµx “ `8 ñ lim
xÑ`8

1

gpxqeµx
“ 0, proto plat́ı, že

p@ε ą 0qpDx0 P R`q
ˆ
ˇ

ˇ

ˇ

ˇ

1

gpxqeµx

ˇ

ˇ

ˇ

ˇ

ď ε

˙

ñ gpxq ě
1

ε
e´µx

lim
xÑ`8

hpxqeαx “ lim
xÑ`8

eαx
`8
ż

x

gpyqdy ě lim
xÑ`8

eαx
`8
ż

x

1

ε
e´µydy “

ε

µ
lim

xÑ`8
eαxe´µx “ `8

T́ımto jsme dokázali i druhou nerovnost, tedy inbphq “ ω.

Věta 5.6 (O distribučńı funkci). Necht’ gpxq P B a inbpgq “ ω. Označme fpxq :“ Θpxq
x
ş

0

gpyqdy.

Pak fpxq má následuj́ıćı vlastnosti:

1. je nezáporná

2. je neklesaj́ıćı

3. lim
xÑ`8

fpxq “ µ0pgq

4. lim
xÑ´8

fpxq “ 0

5. fpxq P CpRq

6. Dompfq “ R

7. je omezená

D̊ukaz. 2) Mějme x1 ą x2. Potom

fpx1q “ Θpx1q

x1
ż

0

gpyqdy “ Θpx1q

»

–

x2
ż

0

gpyqdy

loooomoooon

fpx2q

`

x1
ż

x2

gpyqdy

loooomoooon

ě0

fi

flñ fpx1q ą fpx2q
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5 Laplaceova transformace

3)

lim
xÑ`8

fpxq “ lim
xÑ`8

Θpxq

x
ż

0

gpyqdy “ lim
xÑ`8

`8
ż

0

Θpx´ yq
loooomoooon

Vznikne úpravou horńı meze.

gpyqdy “ lim
nÑ`8

`8
ż

0

Θpn´ yqgpyqdy “

“
Lebesgueova věta:

|Θpn´ yqgpyq| ď gpyq P L pRq “
`8
ż

0

gpyqdy “ µ0pgq

5) Pro libovolné a P Dompfq plat́ı, že

lim
xÑa

fpxq “ lim
xÑa

Θpxq

x
ż

0

gpyqdy
...
“ Θpaq

a
ż

0

gpyqdy “ fpaq

Věta 5.7 (Konvoluce v B). Necht’ fpxq, gpxq P B. Pak definujeme konvoluci f, g jako

pf ˚ gqpxq “

ż

R

fpyqgpx´ yqdy

loooooooooomoooooooooon

v H

“ Θpxq

x
ż

0

fpyqgpx´ yqdy

looooooooooooomooooooooooooon

v B

Věta 5.8. Mějme fpxq, gpxq P B tak, že inbpfq “ ω1 a inbpgq “ ω2 Pak plat́ı, že

pf ˚ gqpxq P B a inbpf ˚ gq “ mintω1, ω2u.

Věta 5.9. Je-li gpxq P B, pak F psq “ Lrgpsqs je spojitá na p´ω,`8q, kde ω “ inbpgq.

Schéma d̊ukazu.

• F psq “
ş

R

gpxqe´sxdx “
`8
ş

0

gpxqe´sxdx

• spojitost v bodě s0 P p´ω,`8q ñ ´ω ă s0

• věta o spojitosti integrálu s parametrem (MAB)

• lim
sÑs0

gpxqe´sx “ gpxqe´s0x

•

|gpxqe´sx| “ gpxqe´sx ď

#

x P rx0,`8q gpxqK P L pRq
x P p´8, x0q gpxqe´sx ď gpxqe´ξx P L prx0,`8qq, pokud ξ ą ´ω

ñ F psq P Cpp´ω,`8qq

F p0q “ µ0
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5 Laplaceova transformace

5.1 Maclaurinova řada

gpxq P B, Gpsq “ Lrgpxqs “

ż

R

gpxqe´sxdx

DompGq “ p´ inbpgq,`8q

Dδ ą 0 : Uδp0q Ă Dompgq
looooooooooooooomooooooooooooooon

nutné ke konstrukci Mac. řady obrazu Gpsq

Gpsq P C8pDompGqq ñ @k P N : Gpkqp0q P R

Gpkqpsq “ p´1qk
ż

R

gpxqxke´sxdx

Gpuqpsq “ p´1qk
ż

R

gpxqxkdx “ p´1qkµk

Řadou podezřelou z toho, že bude Maclaurinovou řadou funkce Gpsq je:

8
ÿ

k“0

Gpkqp0q

k!
sk “

8
ÿ

k“0

p´1qkµk
k!

sk

Vlastnosti Gpsq:

1. Gpsq P C8pDompGqq

2. Gpsq nezáporná na DompGq

3. Gp0q je klesaj́ıćı na DompGq ð @s P DompGq G1psq ă 0

4. Gp0q “ µ0

5. lim
sÑ8

Gpsq “ 0

6. Gpsq je omezená na r0,`8q

Věta 5.10 (O obrazu distribučńı funkce). Mějme gpxq P B, inbpgq “ ω. Označme

hpxq “ Θpxq
x
ş

0

gpyqdy. Pak k hpxq existuje Laplace̊uv obraz pozn. Hpsqq a plat́ı, že

sHpsq “ Gpsq p@s P p´ω,`8qq,

kde Gpsq “ Lrgpxqs.

D̊ukaz.

Hpsq “

ż

R

hpxqe´sxdx “

ż

R

Θpxq

x
ż

0

gpyqdy e´sxdx
F.V.
=

ż

R2

ΘpxqΘpx´ yqgpyqe´sxdpx, yq

|ΘpxqΘpx´ yqgpyqe´sx| ď gpyqe´sxΘpxq P L pR2q ñ DHpsq
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5 Laplaceova transformace

sHpsq “

ż

R2

ΘpxqΘpx´ yqgpyqse´sxdpx, yq “

ż

R

gpxq

»

–

ż

R

ΘpxqΘpx´ yqse´sxdx

fi

fldy “

“

ż

R

gpyq

»

–

8
ż

y

se´sxdx

fi

fl dy “

ż

R

gpyqr´e´sxs8y “

ż

R

gpyqe´sydy “ Gpsq

Analogicky: Jak laplaceovsky zobrazit chvostovou distribučńı funkci fpxq “ Θpxq

8
ż

x

gpyqdy

looooooooooooomooooooooooooon

PB; inbpfq“inbpgq

?

F psq “ Lrgpyqs “

ż

R

Θpxq

8
ż

x

gpyqdye´sxdx
F.V.
=

ż

R2

ΘpxqΘpy ´ xqgpyqe´sxdpx, yq “

“

ż

R

gpyq

»

–

ż

R

ΘpxqΘpy ´ xqe´sxdx

fi

fldy “

ż

R

gpyq

»

–

y
ż

0

e´sxdx

fi

fldy “

ż

R

gpyq

„

´
1

s
e´sx

y

0

dy “

“

ż

R

gpyq

„

1

s
´

1

s
e´sy



dy “
µ0

s
´

1

s

ż

R

gpyqe´sydy “
µ0 ´Gpsq

s

Poznámka 5.11. sHpsq ` sF psq “ Gpsq ` µ0 ´Gpsq “ µ0 ñ Hpsq ` F psq “ µ0
s - vztah mezi

distribučńımi funkcemi

Věta 5.12 (O integrálu obrazu). Necht’ gpxq
x P B a inbp gxq “ ω. Pak gpxq P B a inbpgq “ ω

a @s P p´ω, ωq plat́ı:

L

„

gpxq

x



“

8
ż

s

Gppqdp, kde Gpsq “ Lrgpxqs.

D̊ukaz.

8
ż

s

Gppqdp “

8
ż

s

ż

R

gpxqe´pxdxdp “

ż

R

gpxq

»

–

8
ż

s

e´pxdp

fi

fldx “

ż

R

gpxq

„

´
1

x
e´px

8

s

dx “

ż

R

gpxq
1

x
e´sxdx “

“ L

„

gpxq

x



Věta 5.13. Necht’ fpxq, gpxq P B a F psq, Gpsq jsou jejich L-obrazy. Pak plat́ı

8
ż

0

fpxqGpxqdx “

8
ż

0

F pxqgpxqdx
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5 Laplaceova transformace

D̊ukaz.
8
ż

0

fpxq

8
ż

0

gpyqe´xydy

looooooomooooooon

Gpxq

dx “

8
ż

0

gpyq

8
ż

0

fpxqe´xydx

looooooomooooooon

F pyq

dy

Věta 5.14 (Lerch̊uv teorém). Je-li fpxq P P a existuje-li s0 P R` tak, že @s P rs0,`8q je
F psq “ Lrfpxqs “ 0, pak fpxq „ 0.

D̊ukaz. Označme ϕpsq “
8
ş

0

fpxqe´sxdx a P pxq “
n
ř

k“0

akx
k pak P Rq. Pak

8
ż

0

fpxqP pe´xqe´sxdx “

8
ż

0

e´sx
n
ÿ

k“0

ake
´kxfpxqdx “

n
ÿ

k“0

ak

8
ż

0

fpxqe´ps`kqxdx “
n
ÿ

k“0

akϕps` kq

Pokud
`

@s P rs0,`8q
˘`

F psq “ 0
˘

, pak pro s ą s0 :
8
ş

0

fpxqP pe´xqe´sxdx “ 0. Provedeme sub-

stituci

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

y “ e´x

x “ ´ lnpyq
dx “ ´ 1

ydy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

. Dostaneme tedy
1
ş

0

fp´ lnpyqqP pyqys´1dy “ 0 a Hpyq “ fp´ lnpyqqys´1.

1
ż

0

HpyqP pyqdy “ 0 @P pxq jako polynom

Hpyq P PCpr0, 1sq, což je pre-Hilbert̊uv prostor se skalárńım součinem xf |gy “
1
ş

0

fpxqgpxqdx.

V PCpr0, 1sq zvoĺıme nějakou polynomickou bázi (Legendrovy polynomy (“ λkpxq)). Potom
@k P N :

1
ż

0

Hpyqλkpyqdy “ 0 ñ Hpyq K λkpyq ñ Hpyq „ 0 ñ fp´ lnpyqqys´1 „ 0 ñ

ñ fp´ lnpyqq „ 0 ñ fpxq „ 0

Poznámka 5.15. Větu lze zobecnit i na jiné funkce než polynomy. Necht’ fptq je definována na
0 ď t ă `8, je po částech spojitá a pDα,Mqp0 ď t ă `8q

`

|fptq| ďMeαt
˘

. Potom existuje-li
s0 P R` tak, že @s P rs0,`8q je F psq “ Lrfpxqs “ 0, pak fpxq „ 0.

5.2 Laplace̊uv obraz balancované hustoty

Mějme gpxq P B, Gpsq “ Lrgpxqs, DompGq “ p´ inbpgq,`8q. Myšlenka:

Gpsq
Uδp0q
“

`8
ÿ

k“0

Gpkqp0q

k!
sk “

`8
ÿ

k“0

p´1qkµk
k!

sk (5.1)
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5 Laplaceova transformace

Věta 5.16 (O analytičnosti Gpsq v nule). Necht’ gpxq P B a Gpsq “ Lrgpxqs. Pak Gpsq je
analytické v bodě s “ 0 a pro jej́ı Taylorovy koeficienty plat́ı rovnosti

ak “
p´1qkµk

k!
,

kde ~µ je momentový kód hustoty gpxq.

D̊ukaz. z MAB3 (kritérium analytičnosti): Označme R zbytek u Taylorova rozvoje. Potom

gpxq je analytická v bodě x “ x0 ô pDδ ą 0qp@x P Uδpx0qq

ˆ

lim
nÑ`8

Rn`1pxq “ 0

˙

s0 “ 0 ñ Rn`1psq “
Gn`1pξq

pn` 1q!
ps´ s0q

n`1 “
sn`1

pn` 1q!
Gpn`1qpξq

Gpsq “

`8
ż

0

gpxqe´sxdx ñ Gpn`1qpsq “

`8
ż

0

p´1qn`1xn`1gpxqe´sxdx ñ

ñ Gpn`1qpξq “ p´1qn`1

`8
ż

0

xn`1gpxqe´ξxdxq

Tuto rovnost nyńı dosad́ıme o předpisu pro Rn`1psq.

|Rn`1psq| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

sn`1

pn` 1q!

`8
ż

0

xn`1gpxqe´ξxdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

|ξ| ă δ
2δ ă inbpgq

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

sn`1

pn` 1q!

`8
ż

0

xn`1gpxqeδx
loooooomoooooon

PB

dx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

sn`1

δn`1

`8
ż

0

pδxqn`1

pn` 1q!
gpxqeδxdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
sn`1

δn`1

`8
ż

0

eδxgpxqeδxdx “
sn`1

δn`1

`8
ż

0

gpxqe2δx
looomooon

PB

dx “ K
sn`1

δn`1

p@s P p´δ, δqq

ˆ

lim
nÑ`8

K
sn`1

δn`1
“ 0

˙

ñ p@s P p´δ, δqq

ˆ

lim
nÑ`8

Rn`1psq “ 0

˙

ñ R ě
1

2
inbpgq

Důsledek 5.17. Gpsq má Maclaurinovu řadu.

Věta 5.18 (O analytičnosti Gpsq v libovolném bodě s0 P p´ inbpgq,`8q). Necht’ gpxq P B.
Pak Gpsq “ Lrgpxqs je analytickou funkćı v každém bodě svého definičńıho oboru.
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5 Laplaceova transformace

D̊ukaz. 1. zvolme α P p´ inbpgq,`8q

2. zkoumejme analytičnost Gpsq v bodě α

3. zaved’me hpxq “ gpxqeαx P B

4. umı́me určit momentový kód funkce hpxq z momentového kódu ~µ funkce gpxq

µα,k :“ µkphq “

ż

R

xkhpxqdx “

ż

R

xkgpxqeαxdx “
`8
ÿ

n“0

αn

n!

ż

R

xkgpxqxndx “
`8
ÿ

n“0

αn

n!
µk`npgq

Hpsq “ Lrhpxqs “ Lrgpxqeαxs “ Gps´ αq

hpxq P B ñ Hpsq je analytická funkce v nule ñ Gps´ αq je analytická v nule ñ Gpsq
je analytická v s0 “ α.

Poznámka 5.19. Z d̊ukazu minulé věty v́ıme, že Hpkqpξq “ p´1qk
`8
ş

0

xkhpxqe´ξxdx. Potom

ale

Hpsq “
`8
ÿ

k“0

Hpkqp0q

k!
sk “

`8
ÿ

k“0

p´1qkµkphq

k!
sk “

`8
ÿ

k“0

p´1qkµα,k
k!

sk “ Gps´ αq

Gpsq “
`8
ÿ

k“0

p´1qkµα,k
k!

ps´ αqk ñ Gpkqpαq “ p´1qkµα,k

@k P N0 tedy plat́ı, že Gpkqp0q “ Hpkqp0q
loooooooooomoooooooooon

~µ“~κ

ñ Gpsq “ Hpsq všude na p´δ,`8q, δ ą 0.

Věta 5.20 (O jednoznačnosti kódováńı). Necht’ jsou dány gpxq, hpxq P B s momentovými
kódy ~µ, resp. ~κ. Pak plat́ı

~µ “ ~κñ gpxq „ hpxq

D̊ukaz. Necht’ ~µ “ ~κ. Pak plat́ı, že

p@k P N0qpG
pkqp0q “ Hpkqp0qq ñ p@s P p´δ,`8qqpGpsq “ Hpsqq ñ

ñ Gpsq ´Hpsq “ 0
Lerch̊uv teorém

ùñ gpxq ´ hpxq „ 0 ñ gpxq „ hpxq

Věta 5.21 (Nutná podmı́nka pro momentový kód balancované hustoty). Je-li ~µ momentový
kód balancované hustoty, pak Dδ ą 0 tak, že

lim
kÑ`8

µk
k!
xk “ 0 @x P Uδp0q
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6 Částicové systémy

V MCS máme vždy jednodimenzionálńı, stochastické systémy s pevným počátkem. Existuje
několik zp̊usob̊u, jak popsat částicový systém:

I. Rozteče sousedńıch částic

• znač́ıme pRkq`8k“0, jde o posloupnost náhodných veličin, které jsou absolutně spojité a
nezáporné

• nepovinné vlastnosti:

- Rk maj́ı omezený support

- R0,R1,R2, ... i.d. (velmi výhodné)

- R0,R1,R2, ... i.i.d. (velmi výhodné)

• Rk „ gkpxq
1

• Pokud R0,R1,R2 maj́ı totožné rozděleńı, pak stač́ı psát R0,R1,R2 „ hpxq, kde hpxq
nazýváme generátorem částicového systému.

II. Multirozteče

• Jako χk označujeme vzdálenost k` 1-ńı částice od referenčńı částice k “ 0 a nazýváme
ji k-tá multirozteč.

• χk “
k
ř

i“0
Ri

1Značeńı na 01MIP: X „ PX .
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6 Částicové systémy

• χ0 “ R0 „ hpxq

• χ1 “ R0 `R1 „ ?

Definice 6.1. Necht’ X „ gpxq a Y „ hpyq jsou absolutně spojité náhodné veličiny. Řekneme,
že X a Y jsou konvolučně kompatibilńı, pokud má náhodná veličina X ` Y rozděleńı
popsané hustotou hpzq “ pg ˚ hqpzq.

Poznámka 6.2.

1. Z 01MIP v́ıme, že pokud X,Y jsou nezávislé, pak X,Y jsou konvolučně kompatibilńı.

2. Jsou-li R0,R1,R2, ... konvolučně kompatibilńı, pak plat́ı:

χ1 “ R0 `R1 „ ph ˚ hqpxq

χ2 “ R0 `R1 `R2 “ χ1 `R2 „ ph ˚ h ˚ hqpxq

χk “
k
ÿ

m“0

Rm „
k
˚
m“0

hpxq
ozn.
=˚

k
hpxq

III. Intervalová frekvence ηL

• vyjadřuje počet částic vyskytuj́ıćıch se na intervalu p0, Lq za referenčńı částićı

• je to disktrétńı náhodná veličina

• je popsána pravděpodobnostmi P rηL “ ks, k “ 0, 1, 2, ...

• ηL je parametrizováno hodnotou L ą 0

Př́ıklad 6.3.
P rηL “ 0s “ P rR0 ě Ls “ 1´ P rR0 ă Ls “ 1´HpLq,

kde hpxq je rozděleńı rozteč́ı Rk a Hpxq je distribučńı funkce př́ıslušná k hpxq, tj.

Hpxq “
x
ş

´8

hpτqdτ .2

Př́ıklad 6.4.

P rηL “ ks
kPN
“ P rχk´1 ă L^ χk ě Ls “ P rrχk´1 ă Ls X rχk ă Lscs “

ˇ

ˇ

ˇ
AXBc “ AzB

ˇ

ˇ

ˇ
“

“ P
”

rχk´1 ă Ls
looooomooooon

a

z rχk ă Ls
looomooon

b

ı

“ P rχk´1 ă Ls ´ P rχk ă Ls “

χ0 „ g0pxq “ hpxq
χk „ gkpxq “ ˚k hpxq

Gkpxq “
x
ş

´8

gkpτqdτ
“

“ Gk´1pLq ´GkpLq.

2V 01MCS pož́ıváme definici distribučńı funkce Gpxq “ grX ă xs narozd́ıl od 01MIP, kde GXpxq “ grX ď xs.
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6 Částicové systémy

Cesta zpět z III. do I. a II.

• známe P rηL “ ks pro všechna k P N0 a všechna L ą 0

• HpLq
loomoon

“G0pLq

“ 1´ P rηL “ 0s ñ známe distribučńı funkci pro R0 “ χ0

hpxq “
dHpxq

dx
“ ´

d

dx
P rηx “ 0s,

takže ´ d
dxP rηx “ 0s je generátorem částicového systému.

P rηx “ 1s “ G0pxq ´G1pxq ñ G1pxq “ G0pxq ´ P rηx “ 1s “ 1´ P rηx “ 0s ´ P rηx “ 1s

P rηx “ 2s “ G1pxq ´G2pxq ñ G2pxq “ 1´ P rηx “ 0s ´ P rηx “ 1s ´ P rηx “ 2s

ñ Gkpxq “ 1´
k
ÿ

m“0

P rηx “ ms, gkpxq “ ´
k
ÿ

m“0

dP rηx “ ms

dx

Poissonovský částicový systém: nejkrásněǰśı varianta ČS

Definice 6.5. Částicový systém, jehož intervalové frekvence jsou popsány rozděleńım

P rηL “ ks “ e´L
Lk

k!
, pL ą 0, k P N0q,

se nazývá Poissonovský částicový systém.

• nejčastěji bývá zadaný pomoćı III.

• Generátor: hpxq “ ´ d
dxP rηx “ 0s “ ´ d

dx

´

x0

0! e´x
¯

“ e´x, x ą 0.

gkpxq “ ´
k
ÿ

m“0

d

dx
P rηx “ ms “ ´

k
ÿ

m“0

d

dx

ˆ

xm

m!
e´x

˙

“ ´

k
ÿ

m“0

1

m!
rmxm´1 ´ xmse´x “

“

˜

´

k
ÿ

m“1

xm´1

pm´ 1q!
`

k
ÿ

m“0

xm

m!

¸

e´x “

˜

´

k´1
ÿ

m“0

xm

m!
`

k
ÿ

m“0

xm

m!

¸

e´x “ Θpxq
xk

k!
e´x

looooomooooon

Erlangovo rozděleńı
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6 Částicové systémy

Balančńı částicový systém

Definice 6.6. Balančńım částicovým systémem rozumı́me posloupnost multirozteč́ı pχkq
`8
k“0

zavedených předpisem

χk “
k
ÿ

l“0

Rl,

splňuj́ıćı axiomy:

1. (axiom konvolučńı kompatibility) pRnq`8n“0 je posloupnost nezáporných, absolutně spo-
jitých, stejně rozdělených a konvolučně kompatibilńıch náhodných veličin.

2. (axiom balančńıho generátoru). Hustota pravděpodobnosti veličiny R0 (tzv. generátor
BČS) patř́ı do tř́ıdy B, tj. hpxq P B.

3. (axiom škálováńı) µ1phq “ EpR0q “ 1. (může být chápán jako nepovinný)

P rηL “ 0s “ 1´

L
ż

0

hpxq
loomoon

g0pxq

dx a P rηL “ ks “

L
ż

0

gk´1pxqdx´

L
ż

0

gkpxqdx

Věta 6.7. Necht’ je dán libovolný BČS generovaný hustotou hpxq P B. Pak jsou funkce

rpxq :“
`8
ÿ

n“0

gnpxq, spxq :“
`8
ÿ

n“0

ngnpxq, tpxq :“
`8
ÿ

n“0

n2gnpxq

omezené na každém intervalu r0, Ls.

D̊ukaz. Vı́me, že pDK ą 0q phpxq ă Kq, protože hpxq P B (jsou tedy omezené). Indukćı
ověř́ıme, že gnpxq ď ΘpxqKn`1 xn

n! :

g1pxq “ hpxq ˚ hpxq “ Θpxq

x
ż

0

hpyqhpx´ yqdy ď ΘpxqK2

x
ż

0

1dy “ ΘpXqK2x

g2pxq “ ˚
2
hpxq “ g1pxq ˚ hpxq “ Θpxq

x
ż

0

g1pyqhpx´ yqdy ď ΘpxqK2

x
ż

0

yKdy “ ΘpxqK3x
2

2

gn`1pxq “ pgn ˚ hqpxq “ Θpxq

x
ż

0

gnpyqhpx´ yqdy ď ΘpxqKn`1 1

n!
K

x
ż

0

yndy “ Θpxq
Kn`2

pn` 1q!
xn`1

Dále potom gnpxq ď ΘpxqKn`1x
n

n!
ñ gnpxq ď Kn`1L

n

n!
x P r0, Ls

rpxq “
`8
ÿ

n“0

gnpxq ď
`8
ÿ

n“0

Kn`1L
n

n!
“ KeKL

ozn.
=M P R ñ p@x P r0, Lsqp|rpxq| ďMq
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6 Částicové systémy

T́ımto jsme ověřili konvergenci řady
`8
ř

n“0
gnpxq. Analogicky pak

spxq “
`8
ÿ

n“0

ngnpxq ď
`8
ÿ

n“1

Kn`1 Ln

pn´ 1q!
“

`8
ÿ

n“0

Kn`2L
n`1

n!
“ K2LeKL

ozn.
= M̃,

tedy p@x P r0, Lsqpspxq ď M̃q. Důkaz pro tpxq je ponechán čtenáři.

Věta 6.8. Řady
`8
ř

n“0
ngnpxq a

`8
ř

n“1
ngn´1pxq a

`8
ř

n“1
n rgn´1pxq ´ gnpxqs stejnoměrně konverguj́ı

na každém r0, Ls.

D̊ukaz.

• ngnpxq
r0,Ls
ď nKn`1Ln

n! “ Kn`1 Ln

pn´1q! (Weierstrassovo kritérium)

`8
ÿ

n“1

Kn`1 Ln

pn´ 1q!
P R W.K.

ùñ

`8
ÿ

n“1

ngnpxq SK na r0, Ls.

• ngn´1pxq ď nKn Ln´1

pn´1q! “ K pKLqn´1

pn´1q! n

`8
ÿ

n“1

pKLqn´1

pn´ 1q!
n konverguje (pod́ılové krit.), protože lim

nÑ`8

pKLqn

n!

n` 1

n

pn´ 1q!

pKLqn´1
“ 0 ă 1

W.K.
ñ

`8
ř

n“1
ngn´1pxq stejnoměrně konverguje na r0, Ls.

• Rozd́ıl dvou stejnoměrně konvergentńıch řad je opět stejnoměrně konvergentńı řada.

Kvazipoissonovské částicové systémy

- v Poissonovských systémech:

P rηL “ ks “
pλLqk

k!
e´λL ô hpxq “ Θpxqλe´λx, λ ą 0

- v dopravě to odpov́ıdá extrémně ńızkým hustotám (asi pod 5 aut na kilometr)

Definice 6.9. Řekneme, že ČS je kvazipoissonovský, pokud Dλ ą 0 tak, že plat́ı:

p@ε ą 0qpDLε ą 0qp@k P N0q

ˆ

L ą Lε ñ

ˇ

ˇ

ˇ

ˇ

P rηL “ ks ´
pλLεq

k

k!
e´λLε

ˇ

ˇ

ˇ

ˇ

ă ε

˙

.

Věta 6.10. Je-li ČS kvazipoissonovský, pak hpxq P B.
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6 Částicové systémy

Charakteristiky I. řádu pro BČS

I. Ve škálovaném BČS: p@k P N0qpEpRkq “ 1q, protože
ş

R
xhpxqdx “ 1.

II. Epχkq “
ş

R
xgkpxqdx “

ş

R
x
´

˚k hpxq
¯

dx “ k ` 1, což plyne z vlastnost́ı konvoluce.

III. EpηLq ‰ L

a) v Poissonovském systému

EpηLq “
`8
ÿ

k“0

kP rηL “ ks “
`8
ÿ

k“0

k
Lk

k!
e´L “ L

b) v obecném systému:

EpηLq “
`8
ÿ

k“0

kP rηL “ ks “
`8
ÿ

k“1

k

»

–

L
ż

0

gk´1pxqdx´

L
ż

0

gkpxqdx

fi

fl “

`8
ÿ

k“1

L
ż

0

k rgk´1pxq ´ gkpxqsdx
6.8
“

6.8
“

L
ż

0

`8
ÿ

k“1

k rgk´1pxq ´ gkpxqsdx “

L
ż

0

lim
nÑ`8

n
ÿ

k“1

k rgk´1pxq ´ gkpxqsdx “

“

L
ż

0

lim
nÑ`8

rg0pxq ´ g1pxq ` 2g1pxq ´ 2g2pxq ` ¨ ¨ ¨ ` ngn´1pxq ´ ngnpxqsdx “

“

L
ż

0

lim
nÑ`8

«

n
ÿ

k“0

gkpxq ´ ngnpxq

ff

dx “

L
ż

0

¨

˚

˚

˝

`8
ÿ

k“0

gkpxq ´ lim
nÑ`8

ngnpxq
loooooomoooooon

“0

˛

‹

‹

‚

dx “

“

L
ż

0

`8
ÿ

k“0

gkpxqdx ‰ L

Definice 6.11. Definujeme rpxq “
`8
ř

k“0

gkpxq jako shlukovou funkci BČS (je omezená na

každém r0, Ls) a λpLq :“ EpηLq jako trendovou funkci (středńı hodnota intervalové funkce).

Věta 6.12.

λpLq “

L
ż

0

rpxqdx

Hodnota λpLq záviśı čistě na volbě hpxq a na ničem jiném.

Věta 6.13. V Poissonovských systémech plat́ı, že

EpR0q “ 1
!
“

ż

R

xhpxqdxñ EpηLq “ L,

kde hpxq je generátor BČS.
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6 Částicové systémy

Poznámka 6.14. hpxq P B1 ^ hpxq P B11

Věta 6.15. Necht’ je BČS zadán generátorem hpxq P B. Označme Hpsq “ Lrhpxqs a
Rpsq “ Lrrpsqs, kde rpxq je př́ıslušná shluková funkce. Pak plat́ı:

1. Řada
`8
ř

k“0

gkpxq konverguje pro @x P R, tj. Domprq “ R.

2. p@x P Rqprpxq ě 0q ^ p@x ă 0q
`

rpxq “ 0
˘

3. p@L ą 0qpλpLq “ EpηLq “ L ô rpxq „ Θpxqq

4.
`

@s P p0,`8q
˘`

|Hpsq| ă 1
˘

5.
`

@s P p0,`8q
˘`

Rpsq “ Hpsq
1´Hpsq

˘

6. rpxq je omezená na R a lim
xÑ`8

rpxq “ 1

7. R` Ă DompRq

D̊ukaz. 1. Již bylo dokázáno.

2. rpxq je součtem nezáporných funkćı s pozitivńım nosičem, což vyplývá ze vztahu
gkpxq “ ˚k hpxq, kde hpxq má pozitivńı nosič, tedy suppphq Ă R`.

3. ñ: rpxq „ ΘpXq ñ λpLq “ EpηLq
looooooomooooooon

trendová funkce

“
L
ş

0

rpxqdx “
L
ş

0

Θpxqdx “ L

ð:

L
ż

0

rpxqdx “ L {L

Lrrpxqs

s
“

1

s2

Rpsq “
1

s
{Lerch̊uv teorém

rpxq „ Θpxq

4. Hpsq “ Lrhpxqs “
`8
ş

0

hpxqe´sxdx. Sporem:

Hpsq “ 1 ñ
`8
ş

0

hpxqe´sxdx “ 1 “
`8
ş

0

hpxqdx.

`8
ż

0

hpxq
loomoon

ě0

r1´ e´sxs
loooomoooon

ě0

dx @s P R` ñ hpxq
loomoon

0

r1´ e´sxs
loooomoooon

0

„ 0 SPOR!
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6 Částicové systémy

5. gkpxq “ ˚k hpxq

Rpsq “ Lrrpxqs “ L
”

`8
ÿ

k“0

gkpxq
ı

“ L
”

`8
ÿ

k“0

˚
k
hpxq

ı

“

`8
ÿ

k“0

L
”

˚
k
hpxq

ı

“

“

`8
ÿ

k“0

k`1
ź

i“0

Lrhpxqs “
`8
ÿ

k“0

Hk`1psq “
Hpsq

1´Hpsq

6. lim
xÑ`8

rpxq “ lim
sÑ0`

sRpsq - (z vlastnost́ı Laplaceovy transformace).

lim
sÑ0`

sRpsq “ lim
sÑ0`

sHpsq

1´Hpsq

Hp0q“1 pL1Hq
=lim

sÑ0`

Hpsq ` sH 1psq

´H 1psq

H 1p0q“´µ
=

1` 0 ¨ p´µ1q

µ1
“

1

µ1
“ 1

7. Vyplývá z výše dokázaných bod̊u.

Poznámka 6.16. Jak toho využ́ıt k výpočtu trendové funkce?

LrλpLqs “ L
”

L
ż

0

rpxqdx
ı

“
Lrrpxqs

s
“
Rpsq

s
“

1

s
¨

Hpsq

1´Hpsq
ñ λpLq “ L´1

”1

s
¨

Hpsq

1´Hpsq

ı

Věta 6.17. Lineárńı asymptota trendové funkce stoupá pod úhlem 45˝ a jej́ı intercept je roven
č́ıslu κ “ 1

2µ2 ´ 1.

D̊ukaz. µ2 “ µ2phq lineárńı asymptota: y “ kx ` q, k “ tgα a q je tzv. intercept. Chceme
ukázat, že k “ 1 a q “ µ2

2 ´ 1. Vı́me, že λp0q “ 0 a λpLq je neklesaj́ıćı na R`.

λpLq “

L
ż

0

rpxqdxô LrλpLqs “
1

s
¨

Hpsq

1´Hpsq

LrkL` qs “
k

s2
`
q

s

k

s2
`
q

s
.
“

1

s
¨

Hpsq

1´Hpsq
Ð asymptotika (pro velká L)

k ` qs
.
“ 1

s ¨
sHpsq

1´Hpsq , kde k a qs jsou prvńı 2 členy Maclaurinova rozvoje.

Ωpsq “
sHpsq

1´Hpsq
“

`8
ÿ

k“0

Ωpkqp0q

k!
sk “ Ωp0q

loomoon

k

` Ω1p0q
loomoon

q“κ

¨s`
`8
ÿ

k“2

Ωpkqp0q

k!
sk

k “ Ωp0q “ lim
sÑ0`

sHpsq

1´Hpsq
“ 1 ñ α “ arctg k “ arctg 1 “ 45˝

κ “ Ω1p0q “ lim
sÑ0`

´ sHpsq

1´Hpsq

¯1

“ lim
sÑ0`

rHpsq ` sH 1psqsp1´Hpsqq ` sHpsqH 1psq

p1´Hpsqq2
“

“ lim
sÑ0`

Hpsq ´H2psq ` sH 1psq

p1´Hpsqq2
“

Hp0q “ 1
H 1p0q “ 1

L1H
= ...

L1H
= ... “

µ2

2
´ 1
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6 Částicové systémy

Pro Poissonovský systém jsme ukázali, že λpLq “ L.

k “ 1 : κ “
µ2

2
´ 1 “ 0, protože µ2 “

`8
ż

0

e´xx2dx “ 2

Charakteristiky druhého řádu

hpxq....µ2phq, DpR0q “ µ2 ´ 1

Definice 6.18. Definujeme

1. druhý moment intervalové frekvence vztahem

Epη2
Lq “

`8
ÿ

k“0

k2PrηL “ ks,

2. frekvenčńı rozptyl (number variance) jako

˝pLq “ E
`

ηL ´ EpηLq
˘2

3. statistickou rigiditu jako
4pLq “ EpηL ´ Lq

2

Věta 6.19. Plat́ı, že

˝pLq “ Epη2
Lq ´ 2E2pηLq ` E2pηLq “ Epη2

Lq ´ E2pηLq

4pLq “ Epη2
Lq ` 2EpηL ¨ Lq ` L

2 “ Epη2
Lq ´ 2LEpηLq ` L

2

˝pLq ´4pLq “ ´E2pηLq ` 2LEpηLq ´ L
2 “ ´pEpηLq ´ Lq

2

4pLq ´ ˝pLq “ pλpLq ´ Lq2

Statistická rigidita

4pLq “ EpηL ´ Lq
2 “ Epη2

Lq ´ 2LλpLq ` L2

Epη2
Lq “

`8
ÿ

k“1

k2PrηL “ ks “
`8
ÿ

k“1

k2
´

L
ż

0

gk´1pxqdx´

L
ż

0

gkpxqdx
¯

“

L
ż

0

`8
ÿ

k“1

k2gk´1pxqdx´

L
ż

0

`8
ÿ

k“1

k2gkpxqdx “

“

L
ż

0

`8
ÿ

k“1

k2gk´1pxqdx´

L
ż

0

`8
ÿ

k“1

pk ´ 1q2gk´1pxqdx “

L
ż

0

`8
ÿ

k“1

rk2 ´ k2 ` 2k ´ 1sgk´1pxqdx “

“ 2

L
ż

0

`8
ÿ

k“1

pk ´ 1` 1qgk´1pxq

looooooooooooomooooooooooooon

spxq

dx´

L
ż

0

`8
ÿ

k“1

gk´1pxq

looooomooooon

rpxq

dx “ 2

L
ż

0

`8
ÿ

k“1

pk ´ 1qgk´1pxq

loooooooooomoooooooooon

spxq shluk. fce I. druhu

dx`

L
ż

0

`8
ÿ

k“1

gk´1pxqdx “

“ 2

L
ż

0

`8
ÿ

k“0

kgkpxq

loooomoooon

spxq

dx`

L
ż

0

`8
ÿ

k“0

gkpxq

loooomoooon

rpxq

dx
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6 Částicové systémy

Věta 6.20. Plat́ı, že spxq “ pr ˚ rqpxq.

pr ˚ rqpxq “
`8
ÿ

k“0

gkpxq ˚
`8
ÿ

l“0

glpxq “
`8
ÿ

k“0

`8
ÿ

l“0

pgk ˚ glqpxq “
`8
ÿ

k“0

`8
ÿ

l“0

gk`l`1pxq “

“ g1pxq ` 2g2pxq ` 3g3pxq ` ... “
`8
ÿ

m“0

mgmpxq “ spxq

Důsledek 6.21. Epη2
Lq “ 2

L
ş

0

pr ˚ rqpxqdx`
L
ş

0

rpxqdx - záviśı pouze na rpxq a to záviśı pouze

na generátoru hpxq P B.

Lemma 6.22. V libovolném BČS plat́ı, že Epη2
Lq “ 2rpLq ˚ λpLq ` λpLq.

D̊ukaz. Trendová funkce: λpLq “ EpηLq “
L
ş

0

rpxqdx a L
”L
ş

0

pr ˚ rqpxqdx
ı

“
Lrpr˚rqs

s “
R2psq
s a

LrrpLq ˚ λpLqs “ RpsqRpsqs .

Statistická rigidita v Poissonově BČS

4pLq “ Epη2
Lq ´ 2LλpLq ` L2

- v poissonovském systému: hpXq “ Θpxqe´x a λpLq “ L.

Rpsq “ Lrrpxqs “
Hpsq

1´Hpsq
, Hpsq “ LrΘpxqe´xs “

1

s` 1

Rpsq “
1
s`1

1´ 1
s`1

“
1

s
ñ rpxq “ Θpxq

Epη2
Lq “ 2rpLq ˚ λpLq ` λpLq “ 2

L
ż

0

Θpxq ¨ pL´ xqdx` L “ 2
”

Lx´
x2

2

ıL

0
` L “ 2

`

L2 ´
L2

2

˘

` L “ L2 ` L

ñ 4pLq “ L2 ` L´ 2L2 ` L2 “ L

Laplace̊uv obraz statistické rigidity

4pLq “ 2rpLq ˚ λpLq ` λpLq ´ 2LλpLq ` L2 {L

Lr4pLqs “ 2RpsqLrλpLqs ` LrλpLqs ` 2
d

ds
LrλpLqs `

2

s3

Lr4pLqs “ 2
R2psq

s
`
Rpsq

s
` 2

´Rpsq

s

¯1

`
2

s3
{s3

s3Lr4pLqs “ Rpsqs2
´

2Rpsq ` 1
¯

` 2s
´

sR1psq ´Rpsq
¯

` 2

s3Lr4pLqs “ 2
`

1´ sRpsq
˘

` s2
`

2R1psq `Rpsq ` 2R2psq
˘
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6 Částicové systémy

Nyńı použijeme vztahy Hpsq “ Lrhpxqs, Rpsq “ Hpsq
1´Hpsq a R1psq “ H 1p1´Hq`HH 1

`

1´H
˘2 “

H 1psq
`

1´Hpsq
˘2

a dostaneme

s3Lr4pLqs “ 2` sHpsq ¨
s´ 2

1´Hpsq
` 2s2H

2psq `H 1psq
`

1´Hpsq
˘2 ,

což je statistická rigidita vyjádřená pomoćı generátoru hpxq P B.

Př́ıklad 6.23. Mějme hpxq “ 4Θpxqxe´2x (Erlangovo rozděleńı). Chceme spoč́ıtatHpsq, Rpsq, rpxq
a λpxq.

Hpsq “ Lrhpxqs “ Lr4Θpxqxe´2xs “
4

ps` 2q2

Rpsq “
Hpsq

1´Hpsq
“

4
ps`2q2

1´ 4
ps`2q2

“
4

ps` 2q2 ´ 4
“

4

s2 ` 4s

rpxq “ L´1rRpsqs “ L´1
” 4

s2 ` 4s

ı

“ L´1
”

´1

s` 4
`

1

s

ı

“ ´Θpsqe´4x `Θpxq “ Θpxq
`

1´ e´4x
˘

λpxq “

x
ż

0

rpyqdy “

x
ż

0

p1´ e´4yqdy “ x`
”1

4
e´4y

ıx

0
“ x´

1

4
`

1

4
e´4x “ EpηLq

Statistická rigidita:

λpxq “ x´
1

4
`

1

4
e´4x

R2psq “
16

ps2 ` 4sq2
“

16

s2ps2 ` 8s` 16q
“ ´

1
2

s
`

1

s2
`

1
2

s` 4
`

1

ps` 4q2

pr ˚ rqpxq “ Θpxq
´

´
1

2
` x`

1

2
e´4x ` xe´4x

¯

L
ż

0

´
1

2
` x`

1

2
e´4x ` xe´4xdx “ ´

L

2
`
L2

2
` r´

1

8
e´4xsL0 ` r´

1

4
xe´4xsL0 `

1

16
r´e´4xs “

“ ´
L

2
`
L2

2
´

3

16
pe´4L ´ 1q ´

1

4
Le´4L

4pLq “
´

´
L

2
`
L2

2
´

3

16
pe´4L ´ 1q ´

1

4
Le´4L

¯

¨ 2` L´
1

4
`

1

4
e´4L ´ 2L

´

L´
1

4
`

1

4
e´4L

¯

` L2 “

“
1

8
`
L

2
´

1

8
e´4L ´ Le´4L
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6 Částicové systémy

Graf statistické rigidity

Všechny grafy SR maj́ı lineárńı asymptotu

4pLq .“ χL` κ,

kde χ je statistická kompresibilita a κ je intercept. Jak určit kompresibilitu a intercept?

4pLq “ χL` κ ppro velká qL

Lr4pLqs .“ χ

s2
`
κ

s
ppro malá Lq

χs` κs2 .
“ 2` sHpsq

s´ 2

1´Hpsq
` 2s2H

2psq `H 1psq
`

1´Hpsq
˘2

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

Ωpsq

Vı́me, že χs` κs2 .
“ Ωpsq a Ωp0q “ 0.

Ωpsq “
`8
ÿ

k“0

Ωpkqp0q

k!
sk ñ χ “ Ω1p0q ^ κ “

1

2
Ω2p0q

Pro Erlangovo rozděleńı:

Hpsq “
4

ps` 2q2
ñ H 1psq “ ´

8

ps` 2q3
,

Hpsq

1´Hpsq
“

4

s2 ` 4s
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6 Částicové systémy

Ωpsq “ 2` sps´ 2q
4

s2 ` 4s
` 2s2

´ 16

ps2 ` 4sq2
´

8

ps` 2q3
¨

1
`

1´ 4
ps`2q2

˘2

¯

“

“ 2`
4sps´ 2q

s2 ` 4s
` 2s2

´ 16

ps2 ` 4sq2
´

8ps` 2q

ps2 ` 4sq2

¯

“
6s2

s2 ` 4s
´ 2s2 8s

ps2 ` 4sq2
“

“
6s4 ` 24s3 ´ 16s3

ps2 ` 4sq2
“ s3 6s` 8

ps2 ` 4sq2
“ s

6s` 8

ps` 4q2
, Ωp0q “ 0

Ω1psq “
p12s` 8qps` 4q2 ´ p6s2 ` 8sq2ps` 4q

ps` 4q4
, Ω1p0q “

8 ¨ 42 ´ 0

44
“

1

2
ñ χ “

1

2

Dále by se dalo ukázat, že Ω2p0q “ 1
4 ñ κ “ 1

8
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7 Aproximace integrál̊u Laplaceova typu

Jedná se o integrály ve tvaru

Hptq “

ż

R

gpxqetfpxqdx
∆
“

ż

R

ehpxq`tfpxqdx.

Předpokládáme, že

1. gpxq ě 0 s.v. v R

2. hpxq ` tfpxq je analytická v bodech globálńıho maxima funkce fpxq
(typicky argmax fpxq “ a)

7.1 Hrubý leading

Ukazuje, že č́ım větš́ı je t, t́ım jsou pro hodnotu integrálu Hptq v́ıce rozhoduj́ıćı mı́sta, kde
fpxq nabývá svého maxima

Věta 7.1 (O hrubém leadingu). Něcht’ fpxq, gpxq : pa, bq Ñ R jsou měřitelnými funkcemi na
pa, bq, kde ´8 ď a ď b ď `8. Necht’ fpxq je omezena na pa, bq. Označme S “ sup

xPpa,bq
fpxq

a Hpxq “
b
ş

a
gpxqetfpxqdx. Necht’ dále existuje t0 P R tak, že gpxqet0fpxq P L pa, bq. Pak

gpxqe´tpS´fpxqq P L1pa, bq a plat́ı, že

lim
tÑ`8

e´StHptq “

b
ż

a

ωpxqdx,

kde ωpxq “

#

gpxq pro taková x P pa, bq, kde fpxq “ S,

0 pro taková x P pa, bq, kde fpxq ă S.

D̊ukaz. Pro t ą t0 plat́ı, že

e´StHptq “

b
ż

a

e´Stgpxqetfpxqdx “

b
ż

a

gpxqet0fpxqept´t0qrfpxq´Sse´St0dx.

Snahou je zaměnit limitu a integrál (viz MAB4). K tomu potřebujeme splnit 3 předpoklady:

1. Limita integrandu jistě existuje, je j́ı

lim
tÑ`8

e´Stgpxqetfpxq “ lim
tÑ`8

gpxqe´

ě0
hkkkkkikkkkkj

pS ´ fpxqq t “

#

O x P pa, bq : fpxq ă S

gpxq x P pa, bq : fpxq “ S

∆
“ ωpxq
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7 Aproximace integrál̊u Laplaceova typu

2. Měřitelnost integrandu je splněna.

3. Existuje integrabilńı majoranta k integrandu nezávislá na t:

ˇ

ˇ

ˇ
gpxqe´Stetfpxq

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
gpXqet0fpxq
looooomooooon

předpoklad

e´St0
loomoon

konst

ˇ

ˇ

ˇ
P L pa, bq

Operace tedy můžeme zaměnit a plat́ı, že

lim
tÑ`8

e´StHptq “

b
ż

a

ωpxqdx

a ze srovnávaćıho kritéria nav́ıc
ˇ

ˇ

ˇ
gpXqe´pS´fpxqqt

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
gpxqet0fpxqe´St0

ˇ

ˇ

ˇ
P L pa, bq.

Z teorie Lebesgueova integrálu v́ıme, že fpxqL ô |F pxq| P L , proto i

gpxqet0fpxqe´St0 P L1pa, bq.

Důsledek 7.2. Pro asymptotiku integrál̊u Laplaceova typu jsou podstatná okoĺı těch bod̊u, v
nichž fpxq dosahuje maxima.

7.2 Laplaceova metoda

Z metody hrubého leadingu vid́ıme, že pro velká t hraj́ı v integrandu gpxqetfpxq nejvýznamněǰśı
roli okoĺı bod̊u argmax fpxq. Pokud a “ argmax fpxq a funkce hpxq ` tfpxq je v a analytická,
pak @x P Uδpaq plat́ı:

Hptq “

ż

R

gpxqetfpxqdx,

gpxqetfpxq
.
“

`8
ÿ

k“0

gpkqpaq

k!
px´ aqketfpaq`

1
2
tf2paqpx´aq2 .

Následuj́ıćı úvahy plat́ı pouze pro ty př́ıpady, kdy f2paq ă 0. Protože je ale bod a P R bodem
lokálńıho minima a fpxq P C8

`

Uδpaq
˘

, lze předpoklad f2paq naplnit téměř vždy. Pozor ale na
situace, kdy f2paq “ 0 (extrémy vyšš́ıch řád̊u). Pomocné výpočty:

ż

R

e´αpx´βq
2
dx “

ˇ

ˇ

ˇ
α ą 0

ˇ

ˇ

ˇ
“

ż

R

e´αx
2
dx “

c

π

α

M dm

dαm

ż

R

px´ βq2me´αpx´βq
2
dx “

ż

R

x2me´αx
2
dx “

c

π

α2m`1

p2m´ 1q!!

2m
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7 Aproximace integrál̊u Laplaceova typu

Hptq
.
“

ż

R

`8
ÿ

k“0

gpkqpaq

k!
px´ aqketfpaq`

t
2
f2paqpx´aq2dx “

integrály s lichými
mocninami px´ aq vypadnou

“

“ etfpaq
`8
ÿ

m“0

gp2mqpaq

p2mq!

ż

R

px´ aq2me
t
2
f2paqpx´aq2dx “ etfpaq

`8
ÿ

m“0

gp2mq

p2mq!

d

2π

t|f2paq|2m`1

p2m´ 1q!!

2mtm
“

“ etfpaq
`8
ÿ

m“0

gp2mqpaq

tmp2mq!!

?
2π

a

t!f2paq

`

1
2

˘m

|f2paq|m
“

d

2π

t|f2paq|
etfpaq

`8
ÿ

m“0

gp2mqpaq

2mp2mq!!

1 ¨ 1
tm

|f2paq|m
“

“

d

2π

t|f2paq|
etfpaq

`8
ÿ

m“0

gp2mqpaq

|f2paq|m

1
tm

p4mq!!!!
.
“

d

2π

|f2paq|t
etfpaqgpaq

7.3 Aproximace v κdlovém bodě = Metoda nejprudš́ıho sestupu

Jde o aproximaci vztahu vzešlého z věty o Laplaceově inverzi

fpxq “
1

2πi

c`i8
ż

c´i8

F psqesxds.

Předpoklady o F psq:

• Dα ą 0 tak, že F psq je holomorfńı na polorovině Repsq ą α (má komplexńı derivaci,
která je také holomorfńı) (holomorfńı funkce jsou tř́ıdy C8 ñ maj́ı Taylora)

• Dβ, γ ą 0 tak, že Repsq ą α^ |s| ą γ ñ |fpsq| ď β
|s|2

• č́ıslo c (větš́ı než α) může být voleno libovolně

V integrálu se jedná o integraci přes křivku ϕpxq “ c` ix, x P p´8,`8q

fpxq “
1

2πi

c`i8
ż

c´i8

elnF psqesxds
∆
“

1

2πi

c`i8
ż

c´i8

eHpsq`sxds,

kde Hpsq “ lnF psq, proto F psq
!
ą 0.

Za c voĺıme stacionárńı bod integrandu Ipsq “ eHpsq`sx, který je de facto sedlovým bodem.
(d́ıky naplněńı Cauchyových podmı́nek je Hessova matice vypočtená ve stacionárńım bodě
vždy indefinitńı)
Integrál z věty o Laplaceově inverzi je nezávislý na hodnotě c P R, je-li integrand Ipsq holo-
morfńı funkćı na křivce ϕpxq “ c` ix. Označme D sedlový bod funkce Ipsq lež́ıćı v polorovině
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7 Aproximace integrál̊u Laplaceova typu

Repsq ą α (pokud je jich v́ıce, bereme ten s nejvyšš́ı funkčńı hodnotou).

fpxq “
1

2πi

D`i8
ż

D´i8

eHpsq`sxds “
Taylor̊uv rozvoj
exponentu
integrandu

.
“

1

2πi

D`i8
ż

D´i8

eHpDq`Dx`
1
2
H2pDqps´Dq2ds “

“
eHpDq`Dx

2πi

D`i8
ż

D´i8

eH
2pDq ps´Dq

2

2 ds “
s´D “ q
ds “ dq

“
F pDqeDx

2πi

i8
ż

´i8

eH
2pDq q

2

2 dq “

“
H2pDq “ |H2pDq|eiω

q “ |q|eiµ “
F pDqeDx

2πi

i8
ż

´i8

e|H
2pDq|¨|q2| 1

2
eiωe2iµdq “

“

Změna tvaru dráhy integrace:

ω ` 2µ
!
“ π

(z̊ustáváme v oblasti holomorfnosti)

“
F pDqeDx

2πi

i8
ż

´i8

e´
1
2
|H2pDq|¨|q|2dq “

q “ iξ
dq “ idξ

“

“
Repqq “ 0 ñ

Impξq “ 0
“
F pDqeDx

2π

8
ż

´8

e´
|H2pDq|

2
ξ2dξ “

F pDqeDx

2π

d

2π

|H2pDq|
“

F pDqeDx
a

2π|H2pDq|

Závěr:

fpxq “
1

2πi

c`i8
ż

c´i8

F psqesxds “
F pDqeDx

a

2π|H2pDq|
, kde

Hpsq “ lnF psq,

H 1pDq “
F 1psq

F psq

ˇ

ˇ

ˇ

ˇ

s“D

!
“ 0.
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